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This paper revisits the elastic–viscoelastic correspondence principle for non-homogeneous
materials. Several recent publications discussed this principle for functionally graded
materials (FGMs) with time translation invariant viscoelastic properties. It was demon-
strated that the correspondence principle is valid only for the FGMs with separable relax-
ation moduli (moduli in separable form in space and time). This paper reconsiders this
issue. It shows that the correspondence principle is valid even for non-homogeneous mate-
rials with separable relaxation moduli even if the time-dependences of the relaxation mod-
uli in shear and dilatation are not necessarily time translation invariant. The property of
similarity of Volterra operators is used to obtain the corresponding elastic solution. The
correspondence is established between the elastic solution and the operator-transformed
viscoelastic solution. The transformation operators are combinations of the Laplace trans-
form operator and additional integral operators.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
This paper is motivated by the recent publications (Paulino and Jin, 2001; Mukherjee and Paulino, 2003; Jin, 2006) on the
linear viscoelasticity of functionally graded materials (FGMs), which critically re-appraises the correspondence principle for
this type of materials. FGMs are composite materials with gradual compositional variation, so that a certain variation of the
local material properties is achieved. Unlike traditional composites, which are piecewise-homogeneous mixtures or layered
systems, signiﬁcant proportions of an FGM may contain an appropriate portion of each component, so the mechanical prop-
erties of FGMs can vary continually throughout the body. FGMs can be ideal in applications where the operating conditions
are severe, applications such as heat-engine components or rocket heat shields. Under these conditions, FGMs may exhibit
time-dependent behavior. Full utilization of the FGMs’ potential requires the development of appropriate modeling
methodologies.
A simple yet realistic phenomenological model for describing time-dependent behavior is linear viscoelasticity. Con-
sidering that the correspondence principle has been proven to be a powerful tool for the analysis of viscoelastic boundary
value problems (BVPs) for homogeneous and piecewise-homogeneous materials, it is desirable to investigate the appli-
cability of this method for solving viscoelastic BVPs for materials with continuously spatially varying elastic and visco-
elastic properties.
Paulino and Jin (2001) introduced a narrow class of FGMs with ‘‘separable” relaxation functions and demonstrated that
the elastic–viscoelastic correspondence principle is valid for this class of FGMs. Mukherjee and Paulino (2003) identiﬁed a
sufﬁcient condition for the validity of the correspondence principle and conﬁrmed that the ‘‘separable class” satisﬁes thisAll rights reserved.
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relaxation functions.
The present paper reconsiders applicability of the correspondence principle for non-homogeneous viscoelastic materials.
The paper shows that the correspondence principle is valid for more general types of viscoelastic laws than the ones iden-
tiﬁed by Paulino and Jin (2001). More precisely, the correspondence principle is valid when the viscoelastic properties vary
with time, as the induced responses depend not only on the duration and magnitude of the loading, but on the time of the
load application as well.
2. Separable relaxation functions
Assume that a non-homogeneous material exhibits isotropic linear viscoelastic behavior. If prior to application of the
external load the body is free from strains, then stresses and strains at any point are related as follows:sijðx; tÞ ¼ 2leijðx; tÞ
rkkðx; tÞ ¼ 3Kekkðx; tÞ
ð1Þwhere rij and eij are components of the stress and strain tensors, respectively; sij and eij are deviatoric components of the
stress and strain tensors, respectively, given bysijðx; tÞ ¼ rijðx; tÞ  13 rkkðx; tÞdij
eijðx; tÞ ¼ eijðx; tÞ  13 ekkðx; tÞdij
ð2Þdij is the Kronecker delta; x denotes vector of Cartesian coordinates (x1, x2, x3), t is time, the Latin indices have the range 1–3
with repeated indices implying the summation convention, and land K are relaxation operators deﬁned as follows:leij ¼
Z t
0
lðx; t; sÞ oeijðx; sÞ
os
ds
Kekk ¼
Z t
0
Kðx; t; sÞ oekkðx; sÞ
os
ds
ð3Þwhere l(x, t, s) and K(x, t, s) are sufﬁciently well behaved relaxation functions. The integrals in Eq. (3) are of Stieltjes type.
Paulino and his colleagues (Paulino and Jin, 2001; Mukherjee and Paulino, 2003) considered an important class of time
translation invariant FGM, for which relaxation functions in shear and dilation are separable functions of time and space,
i.e.lðx; t; sÞ ¼ l0lðxÞf ðt  sÞ
Kðx; t; sÞ ¼ K0KðxÞgðt  sÞ
ð4Þwhere l0 and K0 are material constants, l* and K* are non-dimensional functions of space, and f and g are non-dimensional
functions of time.
Non-homogeneous materials with relaxation functions (4) are called time translation invariant, because the responses of
this material depend not on the time of the load application, but on the duration of the applied load. It was demonstrated
(Paulino and Jin, 2001; Mukherjee and Paulino, 2003) that for this class of FGMs the correspondence principle is valid. The
correspondence principle states that if the boundary constraints are independent of time or if they are separable functions of
space and time, then subjecting all equations of the boundary value problem (BVP) to an integral transform (for example, the
Laplace transform) leads to an associated elastic problem. This associated BVP can be solved analytically or numerically in
the transform space. Subjecting this solution to an inverse integral transform (analytical or numerical) provides the solution
of the original viscoelastic BVP. In the past, this approach involving the Laplace transform has been used successfully for solv-
ing various viscoelastic BVPs for uniform or piecewise uniform materials (Schapery, 1962; Rizzo and Shippy, 1971; Christen-
sen, 1971).
In this study we will develop a correspondence principle for a more general class of relaxation functions than the ones
considered by Paulino and Jin (2001). The viscoelastic laws (4) assume that the elastic and viscoelastic properties of the
FGM do not depend on time. This can be a signiﬁcant limitation. Composite materials are often subjected to high tempera-
tures and their properties may depend on the temperature level. If the temperature of the material changes with time, then
the viscoelastic properties of the material may vary with time as well. In this paper we assume that the instantaneous (elas-
tic) properties of the material do not vary with time, but the viscoelastic properties may be time-dependent. We will con-
sider a more general case of separable time translation non-invariant relaxation functions:lðx; t; sÞ ¼ l0lðxÞf ðt; sÞ
Kðx; t; sÞ ¼ K0KðxÞgðt; sÞ
ð5Þwheref ðt; tÞ ¼ gðt; tÞ ¼ 1 ð6Þ
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magnitude of the load but on the time of load application as well. This makes the behavior of these materials similar to that
of aging concrete (Arutyunyan and Zevin, 1988).
It should be noted that Jin (2006) demonstrated that Eq. (4) describes the behavior of a very limited class of FGMs. How-
ever, Eq. (5) may describe behavior of non-homogeneous materials other than FGMs. An example of such material is asphalt
mixes with non-uniform distribution of air voids, subjected to variable temperature.
Although the Laplace transform cannot be used to obtain the corresponding elastic BVP for this class of FGM, the corre-
spondence BVP can still be constructed, i.e. the correspondence principle can be applied for this class of materials.
3. Viscoelastic boundary value problems for functionally graded materials
Since the relaxation functions are assumed to have form of (5), the stress–strain relationships can be presented in the
following form:sijðx; tÞ ¼ 2l0lðxÞ
Z t
0
f ðt; sÞ oeijðx; sÞ
os
ds  2l0lðxÞFeijðx; tÞ
rkkðx; tÞ ¼ 3K0KðxÞ
Z t
0
gðt; sÞ oekkðx; tÞ
os
ds  3K0KðxÞGekkðx; tÞ
ð7ÞIf no inertia forces are acting on the body, then, in addition to Eq. (7), the equations for a quasi-static behavior of an iso-
tropic viscoelastic non-homogeneous material can be expressed in Cartesian coordinates as follows:
 the stress equilibrium condition
rij;jðx; tÞ ¼ qiðx; tÞ ð8Þ the strain–displacement relationshipeij ¼ 12 ðui;jðx; tÞ þ uj;iðx; tÞÞ ð9Þwhere ui are components of the displacement vector and qi are components of the vector of body forces.
Assume that a viscoelastic body composed of this non-homogeneous material has a ﬁxed boundary S and the boundary
conditions given byrijðx; tÞnjðxÞ ¼ Piðx; tÞ; x 2 SP
uiðx; tÞ ¼ Uiðx; tÞ; x 2 SU
ð10Þwhere nj are the components of the unit outward normal to the boundary of the body, Pi are tractions prescribed on Sp, and Ui
are displacements prescribed on SU. The parts of boundary SP and SU remain constant with time andS ¼ SP [ SU ð11Þ
The system of Eqs. (7)–(10) comprises a complete system of equations of a viscoelastic BVP. Below we will use a property
of similarity of Volterra operators to establish the elastic–viscoelastic correspondence principle for this class of BVPs.4. Similarity of Volterra operators
To develop an analytical method for solving the BVP of Eqs. (7)–(10) on a time interval 0 6 t 6 T, we will extensively
use the property of similarity of Volterra operators. Following Kalisch (1957), we consider two continuous linear trans-
formations W1 and W2 that map the space Lp[0, T] into itself. These transformations will be called similar if there exist a
continuous linear transformation V mapping the space Lp[0, T] onto itself with the continuous linear inverse operator
V1, such that W1 = V1 W2 V. To develop a corresponding elastic BVP to the viscoelastic BVP we will use the property
of similarity of Volterra operators.
Consider a Volterra operator R on the space L2[0, T] of complex-valued square integratable functions h(t) on the interval
[0, T]:RhðtÞ ¼
Z t
0
rðt; sÞhðsÞds; 0 6 t 6 T ð12Þwhere r(t, s) is a kernel of the operator R. Kalisch (1957) proved that if the complex valued function r(t, s) is continuously
differentiable and r(t, t) is a real function different from 0, then the operator R is similar to an integration operator J:JhðtÞ ¼
Z t
0
hðsÞds ð13Þ
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(1961), Freeman (1965), Malamud and Cekanovskii(1977), Malamud (1994), and other authors. They substantially weak-
ened the restrictions on the kernel r(t, s) required to provide the similarity between the operators R and J.
Using the property of similarity between Volterra and the integration operators, it can be easily shown that if r(t, t) = 1
and r1 (t, s) = or(t, s)/ot is continuous in s for all t 2 [0,T], then the operator R2, deﬁned asR2hðtÞ ¼
Z t
0
rðt; sÞdhðsÞ ð14Þis similar to the operator I  J, where I is the identity operator Ih(t) = h(t).
Indeed, integrating Eq. (14) by parts, we obtainR2hðtÞ ¼ hðtÞ 
Z t
0
orðt; sÞ
os
hðsÞds ¼ IhðtÞ  R1hðtÞ ð15Þwhere R1 is a Volterra operatorR1hðtÞ ¼
Z t
0
r1ðt; sÞhðsÞds ð16ÞThe kernel r1(t, s) satisﬁes the criteria for similarity to the integration operator, i.e. there exists a linear operator V such thatR1 ¼ V1JV ð17Þ
ThenV1ðI  JÞV ¼ V1IV  V1JV ¼ I  R1 ð18Þ
ThereforeR2 ¼ V1ðI  JÞV ð19Þ
This proves that the operator R2 is similar to the operator I  J.
Following Kharlab (1968), consider the operator Q derived from the operators F and G from Eq. (7):Q ¼ FG1 ð20Þ
where G1 is the operator inversed to G, i.e. G1G = I.
The operator Q can be presented in the following form:QhðtÞ ¼ hðtÞ 
Z t
0
qðt; sÞhðsÞds ð21Þwhere the kernel q(t, s) is deﬁned as follows:qðt; sÞ ¼ of ðt; sÞ
os
þ og
ðt; sÞ
os

Z t
s
of ðt; s1Þ
os1
ogðs1; sÞ
os
ds1 ð22Þwhere f(t, s) and g(t, s) are kernels of the operators F and G, respectively, and g*(t, s) is the kernel of the operator G1. Under
mild restrictions on the kernels f(t, s) and g(t, s) (or g*(s1, s)) the kernel q(t, s) is differentiable, so the operator Q is similar to
the operator I  J.
As an important byproduct of this result, it follows immediately that the operator Q is similar to an operator M with a
time translation invariant kernel MhðtÞ ¼ R t0 mðt  sÞdhðsÞ if the operator M is similar to the operator I  J. Indeed, if
Q = V1(I  J) V and M ¼ V12 ðI  JÞV2, then M ¼ V13 QV3, where V3 = V1 V2. This proves similarity of the operators M
and Q.
This property of similarity of the operators with time translation non-invariant and invariant kernels will be used below
to construct a corresponding elastic solution for a viscoelastic BVP with a time translation non-invariant viscoelastic law.
5. The viscoelastic correspondence principle for functionally graded materials with time-dependent material
properties
Multiplication of both sides of Eq. (20) from the right by the operator G givesF ¼ QG ð23Þ
Let the operator V provide the equality Q = V1M V, whereM is an operator with time translation invariant kernelm(t  s).
Then Eq. (7)1 can be re-written in the following form:sijðx; tÞ ¼ 2l0lðxÞV1MVGeijðx; tÞ ð24Þ
Applying the operator V to both sides of Eq. (24) from the left, we get
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Following Khazanovich (1988), one can introduce new variables:rijðx; tÞ ¼ Vrijðx; tÞ; qi ðx; tÞ ¼ Vqiðx; tÞ
Pi ðx; tÞ ¼ VPiðx; tÞ; eijðx; tÞ ¼ VGeijðx; tÞiðx; tÞ
ui ðx; tÞ ¼ VGuiðx; tÞ; Ui ðx; tÞ ¼ VGUiðx; tÞ
ð26ÞNaturallysijðx; tÞ ¼ rijðx; tÞ 
1
3
rkkðx; tÞdij ¼ Vsijðx; tÞ
eijðx; tÞ ¼ eijðx; tÞ 
1
3
ekkðx; tÞdij ¼ VGeijðx; tÞ
ð27ÞThen Eq. (25) can be re-written assijðx; tÞ ¼ 2l0lðxÞMeijðx; tÞ ð28Þ
Multiplication of both sides of Eq. (7)2 by the operator V from left givesrkkðx; tÞ ¼ 3K0KðxÞekkðx; tÞ ð29Þ
Since the operator V and the product of operators V G are independent from the coordinate vector x, these operators are
commutative with the operation of differentiation with respect to x. Thereforerij;jðx; tÞ ¼
o
oxj
ðVrijðx; tÞÞ ¼ V ooxj ðrijðx; tÞÞ  r

ij;jðx; tÞ ð30Þandui;jðx; tÞ ¼
o
oxj
ðVGuiðx; tÞÞ ¼ VG ooxj ðuiðx; tÞÞ  u

i;jðx; tÞ ð31ÞMultiplying the left and right sides of Eqs. (8) and (10)1 by the operator V from the left with the use of Eq. (30), we obtainrij;jðx; tÞ ¼ qi ðx; tÞ ð32Þ
rijnjðx; tÞ ¼ Pi ðx; tÞ ð33ÞSimilarly, multiplication of the left and right sides of Eqs. (9) and (10)2 by the operators V G from the left leads to the
equations:eij ¼
1
2
ðui;jðx; tÞ þ uj;iðx; tÞÞ ð34Þ
ui ðx; tÞ ¼ Ui ðx; tÞ; x 2 SU ð35Þ
The system of Eqs. (28),(29) and (32)–(35) is a BVP for a visco-elastic non-homogeneous material. The solution of the
modiﬁed BVP is directly related to the solution of the original BVP. There is, however, a signiﬁcant difference between these
two BVPs. The viscoelastic laws in the modiﬁed BVP have time translation invariant properties, i.e. the responses from a con-
stant loading depend on the duration of the loading, but not on the time of load application. The Laplace transforms of Eqs.
(28),(29) and (32)–(35) are obtained ass ijðx; pÞ ¼ 2l0lðxÞmðpÞpe ijðx; pÞ ð36Þ
rkkðx; pÞ ¼ 3K0KðxÞekkðx; pÞ ð37Þ
r ij;jðx; pÞ ¼ q iðx; pÞ ð38Þ
e ijðx; pÞ ¼ 12 ðu

i;jðx; pÞ þ u j;iðx; pÞÞ ð39Þ
r ijðx; pÞgjðxÞ ¼ Pi ðx; pÞ; x 2 SP ð40Þ
u iðx; pÞ ¼ U iðx; pÞ; x 2 SU ð41Þwhere a bar over a variable represents its Laplace transform, and p is the transform variable. For examplee ijðx; pÞ ¼
Z 1
0
eijðx; tÞ expðptÞdt ð42ÞOne can observe that for every value of the Laplace transform variable p the system of Eqs. (36)–(41) has a form similar to
a system of equations of the BVP for a non-homogeneous elastic body with the constants l** and K** as follows:lðx; pÞ ¼ l0lðxÞmðpÞp
Kðx; pÞ ¼ K0KðxÞ
ð43Þ
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ing of the operator V1 or G1V1 as follows:rijðx; tÞ ¼ V1 12pi
Z aþi1
ai1
r ijðx; pÞ expðptÞdt
eijðx; tÞ ¼ G1V1 12pi
Z aþi1
ai1
e ijðx; pÞ expðptÞdt
uiðx; tÞ ¼ G1V1 12pi
Z aþi1
ai1
u ijðx; pÞ expðptÞdt
ð44ÞTherefore, the solution of a viscoelastic BVP can be obtained from the solution of a corresponding elastic problem in the
Laplace transform space and subsequent application of the transformations depending on the relaxation functions of the ori-
ginal viscoelastic problem. Therefore, the elastic system (36)–(41) is the corresponding elastic BVP for the original viscoelas-
tic BVP. This generalizes the correspondence principle for the materials with time translation non-invariant properties.
Unlike the classical correspondence principle, the established correspondence is not between the elastic solution and the La-
place transformed viscoelastic solution, but between the elastic solution and more general operator-transformed viscoelastic
solution. The general operators are combinations of the Laplace transform operator and additional integral operators.
6. Benchmark problems
This section presents an illustrative one-dimensional example (see Fig. 1), considering the extension of a rod with expo-
nentially graded FGM with time translation non-invariant viscoelastic properties. The validity of the correspondence prin-
ciple for a similar example for a FGM rod with time translation invariant properties was demonstrated in (Mukherjee and
Paulino, 2003). We will use the correspondence principle presented above to obtain a solution for a non-homogeneous mate-
rial with time-dependent viscoelastic properties.
Consider the rod with the following shear and bulk relaxation functions:lðx; t; sÞ ¼ l0eax1
g0
t
1 1 s
g0
 
exp  t  s
g0
  
Kðx; t; sÞ ¼ K0eax1
ð45Þwhere l0, g0, K0, and aare constants.
The rod is subjected to tension with one end ﬁxed and the following displacement imposed on another end:UðtÞ ¼ 0; for t 6 t0
UðtÞ ¼ m0ðt  t0Þ; for t P t0
ð46Þwhere v0 is a constant.
If the lateral surface of a bar is traction-free, then the only non-zero stress tensor component is r11(x, t)=r(x, t). Since stres-
ses, strains, and axial displacements are functions of the axial coordinate x1, in this section we will use symbols x and x1
interchangeably. The equilibrium conditions and the axial strain–displacement relationships can be re-written as follows:orðx; tÞ
ox
¼ 0
e11ðx; tÞ ¼ ouðx; tÞox1
ð47Þ000 )(),(
00),(
ttfortttLu
tfortLu
≥−=
<=
ν
x1
0
L
1
1
0
00
0
0
),,(
exp11),,(
x
x
eKtxK
t
t
etx
α
α
τ
η
τ
η
τημτμ
=
−
−−−=
Fig. 1. One-dimensional example of exponentially FGM Maxwell bar under tensile loading (adopted from Mukherjee and Paulino (2003)).
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uðL; tÞ ¼ UðtÞ
uðx; tÞ ¼ eðx; tÞ ¼ rðx; tÞ ¼ 0; if t 6 t0
ð48ÞPrior to the analysis of the viscoelastic BVP, we will consider an auxiliary elastic BVP.
6.1. Elastic solution
Consider an elastic BVP consisting of Eqs. (46)–(48) and the following stress–strain relationship:sijðx; tÞ ¼ 2lðxÞeijðx; tÞ
rkkðx; tÞ ¼ 3KðxÞekkðx; tÞ
ð49ÞTo satisfy the equilibrium condition (47)1, the stress must be independent of the coordinate x. Therefore, one can write: r
(x, t) = r0(t). From Eq. (49) one can obtain the following relationship between stress r(x, t) and strains:e11ðx; tÞ ¼ 13lðxÞ þ
1
9KðxÞ
 
r0ðtÞ
e22ðx; tÞ ¼ e33ðx; tÞ ¼ 19KðxÞ 
1
6lðxÞ
 
r0ðtÞ
ð50ÞBy substituting (50)1 into (47)2, integrating with respect tox, and taking into account the boundary condition (48)1, we
obtain the following expression for the bar displacements:uðx; tÞ ¼ r0ðtÞ
Z x
0
1
3lðyÞ þ
1
9KðyÞ
 
dy ð51ÞFrom the boundary condition (48)2, we haver0ðtÞ ¼  UðtÞR L
0
1
3lðxÞ þ 19KðxÞ
 
dx
ð52Þ6.2. Viscoelastic solution
Let the operator V be an operator of multiplication by the independent variable, i.e.VhðtÞ ¼ thðtÞ ð53Þ
Then the operator inverse to the operator V has the following form:V1hðtÞ ¼ 1
t
hðtÞ ð54ÞSince the relaxation function for the bulk modulus g(t) = 1, the operator G is the identity operator G = G1 = I. It can be easily
shown that Eq. (24) can be re-written as follows:sijðx; tÞ ¼ 2l0eax
1
t
Z t
t0
exp  t  s
g0
 
oðseijðx; sÞÞ
os
ds
 
ð55ÞSubstitution of the expressions for the operators V and G into Eq. (26) leads to the following expression for the trans-
formed variables:rijðx; tÞ ¼ trijðx; tÞ; qi ðx; tÞ ¼ tqiðx; tÞ
Pi ðx; tÞ ¼ tPiðx; tÞ; eijðx; tÞ ¼ teijðx; tÞiðx; tÞ
ui ðx; tÞ ¼ tuiðx; tÞ; Ui ðx; tÞ ¼ tUiðx; tÞ
ð56ÞTherefore, Eqs. (28) and (29) can be re-written as follows:sijðx; tÞ ¼ 2l0
Z t
t0
exp  t  s
g0
þ ax
  oeij
os
ðx; sÞds
ekkðx; tÞ ¼ 3K0eaxrkkðx; tÞ
ð57ÞAnd the boundary condition (46) has the following form:UðtÞ ¼ 0; for t 6 t0
UðtÞ ¼ m0tðt  t0Þ; for t P t0
ð58Þ
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conditions:s ijðx; pÞ ¼ 2e
axl0g0p
1þ g0p
ekkðx; pÞ
rkkðx; pÞ ¼ 3K0eaxekkðx; pÞ
UðpÞ ¼ ð2þ pt0Þm0
p3
et0p
ð59ÞTherefore, the solution of this corresponding elastic problem isrðx; pÞ ¼ r0ðpÞ ¼ UðpÞ
Z L
0
1
3lðx; pÞ þ
1
9Kðx; pÞ
 !
dx ¼ l0
9aeaLpt0 ð2þ pt0Þg0v0
p2ðeaL  1Þð3ð1þ g0pÞ þ vpÞ
ð60Þ
e11ðx; pÞ ¼ roðpÞ 13lðx; pÞ þ
1
9KðxÞ
 
¼ ae
aðLxÞpt0m0ð2þ pt0Þ
p3ðeaL  1Þ ð61Þ
e22ðx; pÞ ¼ roðpÞ 16lðx; pÞ 
1
9KðxÞ
 
¼  am0 expðaðL xÞ  pt0Þð2þ pt0Þ
2p3ð1 eaLÞ
2vp 3ð1þ g0pÞ
3ð1þ g0pÞ þ vp
 
ð62Þ
uðx; pÞ ¼
Z x
0
eðx; pÞdx ¼ m0 e
aðLxÞpt0 ð2þ pt0Þ
p3
ðeax  1Þ
ðeaL  1Þ ð63Þwherev ¼ l0g0
K0
ð64ÞApplication of the inverse Laplace transform leads to the following solution of the correspondent viscoelastic problem
with time translation invariant viscoelastic law:rðx; tÞ ¼ l0
aeaLm0g0ð6ðt  t0Þ þ ð6g0 þ 2v 3t0Þðc 1ÞÞ
ðeaL  1Þ ð65Þ
e11ðx; tÞ ¼
aeaðLxÞm0tðt  t0Þ
eaL  1 ð66Þ
e22ðx; tÞ ¼
aeaðLxÞm0
6ð1 eaLÞ ð2ðc 1Þv
2 þ 3tðt  t0Þ  3vð2ðc 1Þg0 þ 2t  t0ðcþ 1ÞÞÞ ð67Þ
uðx; tÞ ¼ eaðLxÞ m0ðe
ax  1Þ
eaL  1 tðt  t0Þ ð68Þwherec ¼ exp  3K0
3K0 þ l0
t  t0
g0
 
ð69Þ0
0.5
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Fig. 2. Effect of time of load initiation on the predicted stresses.
10 L. Khazanovich / International Journal of Solids and Structures 45 (2008) 2–10Finally, application of the operator V1 leads to the following solution of the original viscoelastic problem:rðx; tÞ ¼ l0
aeaLm0g0ð6ðt  t0Þ þ ð6g0 þ 2v 3t0Þðc 1ÞÞ
ðeaL  1Þt ð70Þ
e11ðx; tÞ ¼ ae
aðLxÞm0ðt  t0Þ
eaL  1 ð71Þ
e22ðx; tÞ ¼ ae
aðLxÞm0
6ð1 eaLÞt ð2ðc 1Þv
2 þ 3tðt  t0Þ  3vð2ðc 1Þg0 þ 2t  t0ðcþ 1ÞÞÞ ð72Þ
uðx; tÞ ¼ eaðLxÞ m0ðe
ax  1Þ
eaL  1 ðt  t0Þ ð73ÞIt can be easily veriﬁed that the stresses, strains, and deﬂections (70)–(73) satisfy all the equations of the BVP (6)–(10). It
is important to note that the predicted stress r and strain e22depend not only on the duration of loading t  t0, but on the
time of loading initiation t0, as well. To illustrate it, consider a case with L = ln 2, a = 1, m0 = 1, and K0/(l0g0) = 9. Fig. 2 shows
that increased delay in initiation of the load application results in a signiﬁcant reduction of the predicted stress level for the
same level of the loading duration.
Although the considered BVP is a simple one-dimensional example, the fact that the problem is one-dimensional was
used only in solving the corresponding elastic problem. The general approach was used to obtain the viscoelastic solution.
This conﬁrms the robustness of the proposed correspondence principle.
7. Conclusions
In the recent publications (Paulino and Jin, 2001; Mukherjee and Paulino, 2003; Jin, 2006) the correspondence principle in
functionally graded materials (FGMs) was discussed. The present paper reconsiders this issue and extends the correspon-
dence principle to non-homogeneous materials with time translation non-invariant relaxation functions different in shear
and dilatation. The properties of similarity of Volterra operators were utilized to obtain the corresponding elastic solution.
The correspondence was established between the elastic solution and the operator-transformed viscoelastic solution. The
transformation operators are combinations of the Laplace transform operator and additional integral operators. A simple
benchmark problem was analyzed to demonstrate the proposed formulation of the correspondence principle.
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